We study elliptically fibered K3 surfaces, with sections, in toric Fano threefolds which satisfy certain combinatorial properties relevant to Ftheory/Heterotic duality. We show that some of these conditions are equivalent to the existence of an appropriate notion of a Weierstrass model adapted to the toric context. Moreover, we show that if in addition other conditions are satisfied, there exists a toric semistable degeneration of the elliptic K3 surface which is compatible with the elliptic fibration and F-theory/Heterotic duality. 
Introduction
This paper begins an investigation motivated by the physics of String Theory, in particular the "F-theory and Heterotic duality" which predicts unexpected relations between certain n dimensional elliptically fibered CalabiYau varieties with section (the F-theory models) and certain principal bundles over n−1 dimensional Calabi-Yau varieties (the Heterotic models), [32] , [17] and [18] . Recently this duality has also been used to construct realistic models in string theory, see for example the survey [42] .
The duality is conjectured to be between n dimensional Calabi Yau varieties which are K3 fibered and n − 1 dimensional Calabi-Yau variety elliptically fibered over the same base [17] and [18] . When n = 2, that is the duality is between F-theory on an elliptically fibered K3 surface with section and Heterotic theory on an elliptic curve, the elliptic curve and the bundles are obtained by a suitable semistable degeneration of the K3 surface; this semistable degeneration is the starting point of the duality in higher dimension [32] .
It is neither straightforward nor easy to produce these pairs of dual varieties. In the 90s, Candelas and collaborators, [11] , [9] , [10] , [12] , [37] and also [6] proposed a clever and quick algorithm to find the Heterotic Calabi-Yau duals (Y, E) for certain Calabi-Yau manifolds X which are hypersurfaces in toric Fano varieties V . Berglund and Mayr [4] proposed an explicit construction which assigns to each given toric variety of dimension n a toric variety of dimension n − 1 together with a specific family of sheaves on it. This systematic construction produces many interesting examples of conjectured F-theory/Heterotic dual in the toric context. The essence of these algorithms is a sequence of suitable projections from the toric fan of V . Candelas and collaborators, Berglund and Mayr check via other physics dualities that the constructions produces the expected pair of dual varieties and the group, but the mathematical reasoning behind this, that is the connection to the semistable degeneration, remains elusive. This paper represents a first step towards the ultimate goal, mentioned in the paper of Hu, Liu and Yau [20] , to present the F-theory/Heterotic analogue of Batyrev's constructions of toric mirrors. We consider the case of K3 surfaces/elliptic curves, which are the building block for higher dimensional F-theory/Heterotic duality. When the duality is between F-theory on an elliptically fibered K3 surface with section and Heterotic theory on an elliptic curve, Clingher and Morgan proved that certain regions of the moduli space of such Heterotic theories and their F-theory counterparts can be identified as dual [13] . The authors consider a partial compactification of the moduli spaces of the smooth elliptic K3 surfaces with section, by adding two divisors at infinity D 1 and D 2 ; the points of the boundary divisors correspond to semistable degenerations of K3 surfaces given by the union of two rational elliptic surfaces glued together along an elliptic curve in two different ways. An elliptic curve E (the double curve of the degeneration) is then shown to be the Heterotic dual of the K3; the elliptic curve is endowed with a flat G-bundle. The Lie group G is (E 8 × E 8 ) for one boundary divisor and Spin(32)/Z/2Z for the other. We give a mathematical definition for the properties of the examples of Candelas and collaborators, which we refer to as Candelas' conditions in Section 3 and proof several theorems, in particular 6.6 and 6.7, which provide an explanation, in term of semistable degeneration, of Candelas' algorithm, and part of Berglund-Mayr's construction. The main idea is to combine techniques from symplectic geometry, namely the symplectic cut of the moment polytope [30] , [21] , with an appropriate notion of a Weierstrass model, adapted to the toric context. The dual Newton (moment) polytope is the polytope naturally associated to Fano toric varieties, whose lattice points correspond to the sections of the anticanonical bundle.
In Section 2, after some general facts about toric Fano varieties and their Calabi-Yau hypersurfaces we explain how the inclusion of a 2-dimensional reflexive polytope determines the elliptic fibration. This observation, long known in the physics literature, is the starting point of Rohsiepe's analysis for higher dimensional Calabi-Yau elliptic fibrations [39] : we use it to construct the elliptic fibrations in the examples. Here "top and bottom" are used to identify the inverse image(s) of the fixed points of P 1 under the torus action, and the corresponding singular fibers of the elliptic fibration.
We give a summary of Candelas' conditions in Section 3. The surjection condition 2) appears in all the Candelas' examples: it is a novel idea, somewhat hidden in Candelas' papers and central in Berglund-Mayr. We recast the conditions in a mathematical context in the following Section 4. In 4.1 we define the semistable polytopes, which play the role of building blocks in the examples in above mentioned papers. A semistable polytope will satisfy the Candelas' conditions 1) and 3) stated in Section 3. The particular class of polytopes Theorem 4.3 satisfies all the Candelas' conditions; in Section 4.3 we actually show that all the polytopes which satisfy the Candelas' conditions can be constructed from semistable polytopes. In section 4.2 we show that condition 3) corresponds to the existence of a "section at ∞" of the elliptic fibration of the K3 surface. We show that the existence of the section at ∞ and condition 1) implies the existence of a toric Weierstrass model, which we call the Candelas-Font Weierstrass model (Section 4.3). We characterize these models in Theorem 4.12. Theorem 4.13 characterizes Candelas' examples. It was noted by [11] and [4] that these Calabi-Yau varieties yield mirror elliptic fibrations.
In Section 5 we proof an easy combinatorial condition for the existence of a section of the elliptic fibration.
The symplectic cut is the focus of Section 6. We show that Candelas' conditions 1) and 2) correspond to the existence of a codimension one slice in the moment polytope, which cuts it into two "nice" parts (Theorem 6.2). We then show that these conditions give a "symplectic cut" which determines a toric semistable degeneration of the original Fano variety into two other semistable toric varieties; this degeneration induces a natural semistable degeneration of the Calabi-Yau hypersurface, (Theorems 6.6 and 6.7). Remark 6.9 concludes that Candelas' conditions 1), 2) and 3), or equivalently Theorem 4.13, imply that the elliptically fibered K3 degenerates to two rational elliptic surfaces glued along a fiber and the degeneration preserves the elliptic fibration which induces a semistable degeneration of the section at infinity.
The idea of the symplectic cut can be applied also in higher dimensional fibrations; we leave this for further studies: we believe that [20] contains many useful techniques for this purpose.
2
Background and notations
Toric, Fano varieties
We follow the notation of [3] , [15] and [16] .
• N, M ⊂ Z n are dual lattices with real extensions N R , M R ; we denote by * , * : M × N → Z the natural pairing; T N = N ⊗ C * is the algebraic torus;
• ∆ ⊂ M R is an integral polytope, that is, each vertex is in M ; the codimension 1 faces of ∆ are called facets;
• We assume ∆ is reflexive, that is, the equation of any facet F of ∆ can be written as m, v = −1, where v ∈ N is a fixed integer point and m ∈ F ; then the origin is the only integral interior point in ∆. The dual of ∆ ⊂ N R , defined as the set ∇ def = {v ∈ N R | m, v ≥ −1 for all m ∈ ∆}, is also an integral reflexive polytope in N R .
• The normal fan of ∆ ⊂ M R in N is the fan over the proper facets of ∇ ⊂ N R ; since ∆ is reflexive the rays of its normal fan are simply the vertices of ∇; let P ∆ be the associated projective toric variety.
• Given a fan Σ in N , we denote as X Σ the corresponding toric variety; when the meaning is clear we simply write X.
• Σ (1) is the set of all rays of Σ; each ray v i ∈ Σ (1) corresponds to an irreducible T N -invariant Weil divisor D i ⊂ X Σ , the toric divisors.
• ∆ is reflexive if and only if the projective toric variety P ∆ is Fano. Recall that the dualizing sheaf on a compact toric variety X of dimension n iŝ
, where the sum ranges over all the toric divisors D i . The canonical divisor is K X = − i D i , and therefore P ∆ is Fano, if and only if i D i is ample.
• A projective subdivision Σ is a refinement of the normal fan of ∆ which is projective and simplicial, that is, the generators of each cone of Σ span N R . The associated toric variety X Σ has then orbifold singularities. Σ is maximal if its cones are generated by all the lattice points of the facets of Σ.
Definition-Theorem 2.1 (The Cox ring [14] ). For each v i ∈ Σ (1) introduce a variable x i and consider the polynomial ring
where r = |Σ (1) |. S is graded by A n−1 (X Σ ) and is called the homogeneous
Definition-Theorem 2.2. For each cone σ ⊂ Σ consider the monomial xσ = v i / ∈σ x i ∈ S, and define the exceptional set associated to Σ as the algebraic set in C r defined by the vanishing of all of these monomials:
Finally, define
where {e 1 , . . . , e n } is the standard basis in M . Then:
2.2
Calabi-Yau varieties and reflexive polytopes
V is an hypersurface in a toric variety, then the condition h i (O V ) = 0 is automatically satisfied.
In fact the lattice polytope ∆ D corresponds to the very ample Cartier divisor D which determines the embedding of X Σ in some projective space; Σ is the normal fan to ∆ D . On the other hand, let P ∆ := X Σ be the toric variety associated to the normal fan Σ of ∆. ∆ determines a Cartier divisor D ∆ and an ample line bundle L ∆ ; its global sections (which provide the equations of the projective embedding) corresponds to the lattice points of ν∆ as explained above. Theorem 2.3 (Ch. 4 [15] ). If ∆ ⊂ M R R n is a reflexive polytope of dimension n, then the general memberV ∈ | − K P ∆ | is a Calabi-Yau variety of dimension n − 1. If Σ is a projective subdivision of the normal fan of ∆, then
• X Σ is a Gorenstein orbifold with at worst canonical singularities; • −K X Σ is semiample and ∆ is the polytope associated to −K X Σ ;
• the general member V ∈ | − K X Σ | is a Calabi-Yau orbifold with at worst canonical singularities.
In particular, in dimension three or lower the following are equivalent:
2) Σ is given by a triangulation of the facets of ∇ into elementary triangles v i 1 v i 2 v i 3 such that for all i, the vectors v i 1 , v i 2 , v i 3 span the lattice N (equivalently, the convex hull of {v i1 , v i2 , v i3 , 0} is a tetrahedron with no lattice points other than its vertices). 3) X Σmax is smooth If n = 3, V max is a smooth K3 surface, while if n = 2, V max is an elliptic curve.
Remark 2.4. The defining equation of the Calabi-Yau hypersurface V ∈ | − K X Σ |, with X Σ toric Fano, can be written explicitly. With the above notation, let z 1 , . . . , z k be the homogeneous coordinates of X Σ . V is defined by the vanishing of the generic polynomial whose monomials are the sections of the line bundle
where the a m s are generic complex coefficients. The defining equation of V is invariant modulo the action of SL(3, Z) on M . These equations are easily implemented in the computer algebra system SAGE [41] and [35] which has a dedicated package for working with reflexive polytopes.
Batyrev [2] , Koelman [24] and then [26] independently classified all the reflexive polytopes of dimension 2 up to SL(2, Z) transformations, see Figure 1. In dimension 3, which is the one relevant for K3 surfaces, the complete classification was carried out by Kreuzer and Skarke [26, 27] using the software package PALP [28] . There are 4319 reflexive polytopes in dimension three. Their coordinates are stored in SAGE and can be found on the web page [25] . See also [22, 23] . Rohsiepe's tables [38] contain a list of all three dimensional reflexive polytopes, in the same ordering as in SAGE, the only difference being that the first reflexive polytope in Rohsiepe's tables is indexed by 1 whereas SAGE indexing starts from 0. Throughout this paper we adopt the same indexing as in SAGE.
2.3
Intersection on toric K3 hypersurfaces
The following facts about the intersection on toric K3 hypersurfaces are known in physics literature [36] .
Let Σ be a projective subdivision of the fan over the proper facets of a 3-dimensional reflexive polytope ∇. For each ray v i in Σ, let D i be the intersection of D i ⊂ X Σ with the general K3 hypersurface V ∈ |K X Σ |. Three cases can occur: 1) D i doesn't intersect V , i.e. D i = 0; 2) D i is irreducible on V : we call it a toric divisor; 3) D i is the sum of irreducible divisors on V : we call its irreducible components non toric divisors.
Let Σ be maximal. In this case: 1) D i = 0 if v i is in the interior of a facet of ∇; 2) D i is toric if v i is a vertex of ∇; 3) D i is the sum of l (θ * ) + 1 non toric divisor if v i is in the interior of an edge θ of ∇, where l (θ * ) is the lattice length of the dual of θ (i.e. the number of lattice points in the interior of θ * ⊂ ∆) [15] . Now let v 1 , v 2 be two distinct rays in Σ. The intersection 
is the lattice length of θ * 12 .
Elliptic Fibrations
The morphism π V : V → B denotes an elliptic fibration, that is π
is a smooth elliptic curve ∀ p ∈ B, general. In addition, π V : V → B is an elliptic fibration with section if there exists a morphism σ V : B → V which composed with π V is the identity; σ V (B) is a section of π.
φ : X Σ → B is a toric fibration if X Σ (from here on denoted simply as X) and B are toric and if φ is induced by a lattice morphism between the corresponding lattices ϕ : N X → N B which is compatible with the fans. The kernel of ϕ is a sublattice N ϕ ⊂ N .
We now assume that X is a Fano variety and that X φ the general fiber of φ is a Fano surface; the restriction of the fan of X to N ϕ defines the fan of X φ . This fibration determines a 2-dimensional reflexive polytope ∇ ϕ ⊂ N ϕ,R corresponding to the toric variety X φ ; let E ∈ |−K X φ | be a general element, a smooth elliptic curve. Assumption 2.6. We also assume that there is a section σ : B → V of π : V → B induced by a toric section σ X : B → X of φ : X → B such that σ X (B) = D is a toric divisor. The restriction of D to V can be either reducible or irreducible.
Nakayama showed that an elliptic fibration V → B with section has a Weierstrass model in a precisely defined projective bundle [33] . In particular, when V is a K3 surface and B = P 1 , the projective bundle is P = P(O P 1 ⊕ O P 1 (−4) ⊕ O P 1 (−6)). Every projective bundle is a toric variety whose corresponding fan can be computed by following the construction described by Oda, Section 1.7 [34] . However it turns out that the toric variety P is not Fano [15] . For the elliptic K3s which are hypersurfaces in Fano toric threefolds, we would like their Weierstrass models to be hypersurfaces in a Fano toric threefolds as well.
We focus on 3-dimensional toric varieties and elliptic K3 hypersurfaces. As noted in [27] and [39] , if a reflexive 3-dimensional polytope ∇ contains a reflexive subpolytope ∇ ϕ , then a suitable refinement of the normal fan of ∆ always gives rise to a natural toric fibration X → P 1 with general fiber a toric Fano surface with reflexive polytope ∇ ϕ . This can be seen explicitly by describing the toric morphisms in homogeneous coordinates, [35] and the Appendix of the present paper. Other explicit examples of elliptic fibrations of toric K3s in homogeneous coordinates can be found in [1] . Rohsiepe searched all 4319 reflexive polytopes for toric elliptic fibrations [39] , the results can be found in the tables [38] . 3 
Candelas' Examples
We summarize here the main characteristic of the Candelas' examples of elliptic K3 F-theory models: recall that Y ⊂ V is an anticanonical general surface in the toric Fano threefold X; all the statements are up to a lattice automorphism SL(3, Z).
1) The lattice N ϕ ⊂ N is a summand of N , with induced morphism of lattices:
Under this morphism the lattice points of the reflexive polytope ∇ are sent onto points of the reflexive polytope ∇ ϕ . 3) There exists a vertex v z = (a, b, 0) of ∇ ϕ which is not a vertex of ∇.
Note that conditions 2) and 3) imply that the edge L of ∇ ϕ through v z is defined by the equation z 1 = a, z 2 = b. Condition 1) induces a split of the dual lattice M , with coordinates (z * 1 , z * 2 , z * 3 ); ∆ ∪ {z * 3 = 0}, ∆ ϕ , the dual of the polytope ∇ ϕ .
In Section 4 we show that condition 3) corresponds to the existence of a "section at ∞" of the elliptic fibration; in Section 6 we also assume that X is simplicial, which is also a case in the Candelas' examples, and show that conditions 1) and 2) imply the existence of the semistable degeneration of X and Y . We then discuss the case when all the conditions are satisfied. 
this is the polytope 4318 in the list [25] . We consider the fiber ∇ ϕ given by points v x , v y = (1, −1, −2), v z = (1, −1, 2); ∇ ϕ is the 2-dimensional polytope number 9. Consider the projective subdivision of the normal fan to ∆ given by the rays v x , v y , v z , v s = (0, −1, 4), v t , v p , v q . ∇ satisfies the conditions 1) and 3) but not 2). Then this example cannot have a semistable degeneration as described in Section 6 and an Heterotic dual with gauge group E 8 × E 8 . In fact a singular fiber of the elliptic fibration is of Kodaira type I * 12 , which correspond to a "gauge group" of type SO(32) (or better, Spin(32/Z/2Z)). We will consider again this polytope in the Example 4.5 (with a different fibration). 
4
Semistable polytopes, Sections at infinity, Weierstass models (Candelas' conditions recasted ).
We start by defining the semistable polytopes, which play the role of building blocks in the Candelas' examples: a semistable polytope will satisfy the Candelas' conditions 1) and 3) stated in Section 3. The particular class of polytopes in Theorem 4.3 satisfies all the Candelas' conditions; in Section 4.3 we actually show that all the polytopes which satisfy the Candelas' conditions can be constructed from semistable polytopes.
Semistable polytopes
(On conditions 1) and 3)) Two-dimensional reflexive polytopes ∇ ϕ are classified up to SL(2, Z) (see for example [16] ), and are listed in Figure 1 . We denote by ∇ i;ϕ the ith 2-dimensional reflexive polytope in the figure, and by ∆ d(i);ϕ its dual. Moreover the fiber of the elliptic fibration of a very general 1 K3 surface V max → P 1 over the fixed points of P 1 are smooth, while the other singular fibers are semistable. This polytope is unique up to SL(3, Z).
Proof. Let v x , v y , v z , v w j be the vertices of ∇ ϕ (depending on ∇ ϕ either there is no v w j or j ∈ {1, 2, 3}); without loss of generality we take v z = (z 1 , z 2 , 0) and v s = (z 1 , z 2 , 1) and v t = (z 1 , z 2 , −1). Let us consider the fan Σ max of the maximal resolution of ∇ s ; by construction the rays of this fan are either v s , v t or are also rays of ∇ ϕ . Note that the semistable polytope is simplicial and then the very general K3 surface V max ⊂ X max has the same Picard number of the ambient Fano threefold X max [8] . Then the singular fibers of the elliptic fibration are either nodes or restrictions of toric divisors corresponding to points of ∇ ϕ which are reducible when restricted to the K3. From Section 2.3 we see that for each edge e in ∇ ϕ which is also an edge of ∇ there are r semistable fibers I q+1 in V S , where q and r are the lattice lengths of e and its dual in ∇ respectively. This implies the first statement.
For each edge e of ∇ ϕ let m e , v + 1 = 0 be its equation; m ∈ Z 2 because ∇ ϕ is reflexive. If e is one of the two edges originating from v z , then the equation of the vertical facet defined by e and L is m, v + 1 = 0, where m = (m e , 0) ∈ Z 3 . If e doesn't pass through v z , the equation of the facet through e and v s is m, v +1 = 0 where m = (m e , −(az 1 +bz 2 +1)) ∈ Z 3 (and similarly for the facets through e and v t ). It follows that ∇ is reflexive.
The condition that {L, ∇ ϕ } generates N does not hold for all the semistable polytopes, see Example 4.6. However, this condition is fulfilled when L is centered in a vertex of ∇ ϕ which satisfies a nice combinatorial property: 
Similarly, the facet through v z , v s , v 2 has equation m zs2 , v + 1 = 0, where
It follows that
By solving the system and because d = ±1, we obtain: 
Because ∇ s is reflexive, we have Aα + Bβ + 1 ≡ 0 modγ. From Eqs. (1), it follows that A(a 1 +b 1 )+B(a 2 +b 2 )+1 ≡ 0 modγ, where A(a 1 +b 1 )+B(a 2 + b 2 ) + 1 ≥ 2 because e does not pass through v z . In particular γ is a divisor of an integer > 1; suppose γ ≥ 2. Given an integer p such that 0 < p < γ, we have λ p := pγ −1 ∈ (0, 1) and γλ p ∈ Z. We obtain a contradiction by observing that the point λ −1, 0) ; the corresponding toric variety is the weighted projective space P (2,3,1) with homogeneous coordinates (x, y, z). We take L to be the edge v s , v t of lattice length 2. Clearly {∇ ϕ , L} generates N , and therefore ∇ is a semistable polytope; we will see in Proposition 4.4 that this is the only semistable polytope ∇ 15,vz;s with marked section corresponding to v z = (−1, −1, 0). Note that the semistable polytope ∇ 15,vz,L ;s with L the segment of vertices v t = (2, −1, −1) and v s = (2, −1, 1) is also reflexive.
Infinity sections, toric flexes (On condition 3))
In both Examples 4.5 and 4.6 D z , namely z = 0, defines the equation of a section of the elliptic fibration V → P 1 , which is the restriction of the toric section determined by the divisor D z in X; this section is the same for all the K3 hypersurfaces in the same anticanonical system. From now on we assume that the elliptic fibration has a toric section represented by the divisor D z .
In analogy with the classical Weierstrass model, and following the above notation, let {x, y, z, w j } be the Cox coordinates corresponding to the vertices of ∇ ϕ (depending on ∇ ϕ either there is no v w j or j ∈ {1, 2, 3}), with z = 0 be the defining equation of the toric section D z ; let s, t, r k be the Cox coordinates corresponding to the remaining vertices of ∇, with v s and v t be the unit lattice points on the edges through v z , where φ(v s ) and φ(v t ) span two different cones of the fan of P 1 . This will assure the fibration is easily described in terms of the homogeneous coordinates, see Remark 2.4. In many cases this gives a projective resolution of the normal fan. Let g(x, y, z, w j ) = 0 be the equation of E in X φ and f (x, y, z, w j , s, t, r k ) = 0 be the equation of V in X. We often write f (x, y, z, w j , s, t, r k ) = G(x, y, z, w j ) with G ∈ C[s, t, r k ], in the form of the equation of the general elliptic curve in X φ . Definition 4.8. D z is a section at infinity if and only if f |z=0 is independent of the particular point in P 1 ; explicitly there is no dependence in (s, t). f |z=0 is a toric flex if the equation z = 0 determines one unique point of the general elliptic curve E of the fibration.
If ∇ s is a semistable polytope, then the toric flex corresponding to the point v z as in Proposition 4.7 is the analogue of a section at infinity. We can see explicitly the morphisms and the defining equations of the K3 surfaces in Cox coordinates following [31] and [7] . Example 4.9. In example 3.3 the equation of the general K3 hypersurface (in the anticanonical system) is:
with each φ j (s, t) a generic polynomial of degree 2 in (s, t). It is easy to see that z = 0 is a section, but f |z=0 is not a section at infinity. The same holds for the other sections coming from toric divisors corresponding to v x = 0 and v y = 0.
Remark 4.10. Under these hypothesis we denote by s, t the two corresponding coordinates.
We further investigate the type of sections of the elliptic fibrations in Section 5.
4.3
Candelas-Fonts Weierstrass models (On conditions 1), 2) and 3)) Candelas and Font [11] fix a two dimensional reflexive polytope (∇ i;ϕ ), a toric Fano B (in particular B = P 1 ) and proceed, by what it is called "unHiggsing" in the physics literature, to give examples of elliptic fibrations with interesting singular fibers ("gauge groups") of Calabi-Yau varieties in toric Fano, fibered over B where the general elliptic curve of the fibration is the general elliptic curve in the anticanonical system of the fan over the fixed polytope ∇ i;ϕ . We recast their construction in terms of elliptic fibrations with section at infinity and the semistable polytope. Definition 4.11. A Candelas-Font Weierstrass model W → P 1 is an elliptically fibered K3 with orbifold Gorenstein singularities, not necessarily general in the anticanonical system, in a variety X i,vz,L;s with general fiber E ⊂ X i;φ and a section at infinity in D z (the toric divisor corresponding to v z ).
Note that these singularities are canonical; general anticanonical hypersurfaces in the projective resolution of Fano varieties have orbifold Gorestein singularities.
Next we prove a sufficient condition for an elliptically fibered general K3 with general fiber E ⊂ X φ to have a Candelas-Font Weierstrass model and we express the condition in term of the combinatorics of the polytope as well as the geometry.
Theorem 4.12. ( Candelas-Font Weierstrass models (Conditions 1) and 3)).) Let ∇ i;ϕ ⊂ N ϕ,R be a 2-dimensional polytope and v z a vertex of ∇ i;ϕ such that there exists a semistable polytope ∇ i,vz,L;s ⊂ N R . A general elliptically fibered K3 hypersurface V in the anti-canonical of a toric Fano threefold X Σ with section at infinity in the edge L and general fiber E ⊂ X i;φ is birationally equivalent to a Candelas-Font Weierstrass model W ⊂ X i,vz,L;s .
Proof. By hypothesis the polytope ∇ over the fan of X Σ contains the polytope ∇ i;s := ∇ i,vz,L;s , hence we have the dual inclusion ∆ ⊂ ∆ i;s . ∆ defines a linear subsystem L ⊂ | − K X i;s |; the resolution of the interminancy locus provides a birational morphism P ∆ → X i;s .V , the general hypersurface in L, is the strict transform of the general hypersurface W in | − K X i;s | . This induces a birational morphism between the pullback projective resolution, that is V → W . Furthermore the projective resolution of the corresponding K3 has a section at infinity.
The condition that ∇ projects onto ∇ i;ϕ together with the existence of a section at infinity characterizes the examples in Candelas' algorithm.
Proof. It is enough to observe that ∇ i;s ⊂ ∇ and that ∇ projects onto ∇ i;ϕ .
The transformations can be written explicitly in Cox coordinates, as in [31] and [7] :
Braun in [5] builds toric Weierstrass models by contracting some toric divisors associated to ∇ ϕ , and thus changing the elliptic fiber; in view of Section 6 we instead keep the basis fixed. Also [5] considers elliptic Calabi-Yau threefolds in certain points of the moduli, while we consider an appropriate embedding of the elliptic fibration which makes it general as hypersurface in anticanonical system of the toric ambient space: this makes the resolution process straightforward as it is induced by the resolution of the toric ambient space. It would be interesting to combine the methods.
5
Toric and non toric sections Remark 5.3. The theorem has the hypothesis that ∇ is simple, in particular it is sufficient to ask ∇ simple at v z . All the reflexive polytopes (which induce elliptic fibrations) we examined in order to prepare this paper satisfy this condition.
Proof. We take
Because ∇ is simple at v z , the only lattice point in ∇ at lattice distance one along an edge of ∇ top through v z is v s . We can distribute the intersection over the sum and observe that by the discussion in Section 2.3 all the summands but m ϕ , v s D z ·D s = γD z ·D s are null. Therefore D z is a section iff γD z ·D s = 1.
Because v z v 1 v s , v z v 2 v s are elementary triangles, it is straightforward to verify that γλd = ±1 and γµd = ±1, where d = a 1 b 2 − a 2 b 1 . Moreover, by Theorem 2.5:
where m zs1 , m zs2 ∈ M are the dual points of the facets of ∇ span by v z , v 1 , v s and v z , v 2 , v s respectively. 
6
Symplectic cut, degenerations, physics duality
In this section we assume that the polytope ∆ is simple, that is, the normal toric variety P ∆ is simplicial [16] ; this is the case in all the Candelas' examples Lemma 6.1. If ∆ ⊂ M R is a polytope associated to a toric Fano threefold P ∆ satisfying the condition 1) of Definition 3, then the following are equivalent:
i. 2) holds, ii. If D is a facet, a codimension 1 face in ∇, with inner normal vector ν D = (w 1 , . . . , w n ), then: w n > 0 (resp. w n < 0) if and only if D lies entirely in the half space N ≤0 = {(z 1 , . . . , z n ) ∈ N such that z n ≤ 0} (resp N ≥0 ).
Proof. i. ⇐⇒ ii. : If n = 2, then the statement is immediate, as ∇ is convex. Otherwise, let us consider the plane passing through the z n axis and parallel to ν D , and let D 2 be the intersection of D with such a plane. We can then reduce to the case n = 2.
In [19] , S. Hu shows that suitable partitions of simple polytopes ∆ ⊂ M R induces a semistable (or weakly semistable) degeneration of the toric variety associated to the polytope. Theorem 6.2. Let ∆ ⊂ M R be the polytope associated to a toric Fano threefold X satisfying conditions 1) and 2) of Definition 3. We also assume that ∆ is simple, that is X is simplicial. Then the polytope ∆ ϕ ⊂ ∆, dual of ∇ ϕ , determines a symplectic cut, a simple, semistable partition of ∆ [19] .
Proof. ∆ ϕ divides the polytope ∆ in two polytopes ∆ 1 and ∆ 2 . Lemma 6.1 shows that each ∆ j , j = 1, 2, is simple, that is the partition is simple. We need to verify that the conditions stated in [19] are satisfied, namely that any -face of ∆ j , = 1, 2, is contained in exactly k − + 1 polytopes ∆ j if there is a k-face of ∆ containing it. This follows from a straightforward verification.
Lemma 6.3. Let ∆ be a polytope as in 6.2. Then the semistable partition determined by ∆ ϕ is also balanced, in the sense of [19] .
Proof. By construction all the vertices of ∆ j which are not vertices of ∆ lie on an edge of ∆, which makes the subdivision balanced. Note that these vertices are the vertices of ∆ ϕ which are not vertices of ∆. [19] ) Let {∆ j }, j = 1, 2 be a mildly singular semistable partition of ∆: then there exists a weak semistable degeneration of P ∆ , f :P ∆ → C with central fiber P ∆,0 = ∪ j P ∆ j . The central fiber is completely described by the polytope partition {∆ j } and P ∆ 1 ∩ P ∆ 2 = P ∆ ϕ .
The following corollary follows from Lemma 6.1: Theorem 6.6. Let ∆ ⊂ M R be the polytope associated to a toric Fano threefold X satisfying conditions 1) and 2) of Definition 3. We also assume that ∆ is simple and that ∆ ϕ ⊂ ∆, the dual of ∇ ϕ , determines a simple, mildly singular semistable partition of ∆ [19] . Let f :P ∆ → C be the induced weak semistable degeneration. The rays of the toric fan of P ∆ 1 are the rays of P ∆ with z 3 ≥ 0 together with the ray z 1 = z 2 = 0, z 3 ≥ 0; similarly for the rays of the toric fan of P ∆ 2 (with the ray z 1 = z 2 = 0, z 3 ≤ 0).
The degeneration of Theorem 6.5 induces a degeneration of the general hypersurfaceV ⊂ P ∆ , Section 4 [19] ; let L j be the (ample) line bundle on P ∆ j associated to ∆ j andS 1 andS 2 be the associated hypersurfaces. If all the vertices of ∇ ϕ are also vertices of ∇, then P ∆ , P ∆ 1 and P ∆ 2 have a fibration with general fiber P ∆ ϕ and the degeneration preserves the fibration. We have proved the following: Theorem 6.7. Theorem 6.5 induces a weakly semistable degeneration of the general hypersurfaceV toS 1 ∪S 2 ; in additionS 1 ∩S 2 is the general elliptic curve in ∆ ϕ . The construction of the degeneration shows that there is a naturally induced semistable degeneration of the maximal resolution V to S 1 and S 2 .
In addition:
Proposition 6.8. The surfaceS j ∈ |L Z j | is a rational elliptic surface, where L Z j is the line bundle determined by the polytope ∆ Z j .
Proof. Note in fact that −K Z 1 = v k ∈Σ (1) v k and that L Z 1 = + v k ∈Σ (1) v k − e 3 . Hence K S 1 = −e 3|S 1 . Note also that e 3 = −K S 1 is the divisor of a general fiber of π 1 : Z 1 → P 1 .
If a section at infinity exists S j →S j is not a crepant resolution; the exceptional curve is a section of the elliptic fibration.
Remark 6.9. Condition 3) assures that all the K3 hypersurfaces in the anticanonical of the toric Fano have the same infinity in section: this is consistent with the F-theory/Heterotic duality, which is for families of K3.
Example 6.10. Examples 3.1, 3.3, 4.5, 3.4 satisfy the hypothesis of the above Theorems. Note that the general K3 hypersurface in the "diamond" 3.4 X → P 1 with fiber E ⊂ P 2 does not have a section; but it has a semistable degeneration induced by the symplectic cut. In this case all the vertices of ∇ ϕ are also vertices of ∇.
Note that the examples 3.4 and 3.3, which admit a semistable degeneration as hypersurfaces in toric Fano, do not satisfy condition 3) in the Candelas' conditions. In fact, the symplectic cut construction is more general, and holds for more examples, with no condition on the existence of a section.
Example 6.11. Example 3.2 does not satisfy condition 2) and it does not have a semistable degeneration in the sense of the above theorems. 
